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1. Introduction
Several authors have investigated the question of whether the Stone–Cech remainder of the natural numbers, N, can be
covered by nowhere dense closed P -sets. A closed set K is a P -set if the closure of each cozero-set disjoint from it is also
disjoint from K . An ideal on N is a P -ideal if it is σ -directed with respect to the mod ﬁnite inclusion ordering ⊂∗ . An ideal
is dense if each inﬁnite subset of N has an inﬁnite subset in the ideal. There are well-known examples of dense P -ideals,
such as the ideal of sets with asymptotic density 0. Nowhere dense P -sets are simply dual to dense P -ideals. Thus there
are ultraﬁlters on N (points in N∗) which are members of nowhere dense P -sets. Establishing the existence of ultraﬁlters
which are not covered by a nowhere dense P -set then is a strong witness to non-homogeneity of N∗ . Another application
of nowhere dense P -sets was in [11] in which it was shown that if a compact space X can be covered by nowhere dense
P -sets, then the space N× X would not have remote points. One other area where the question of covering N∗ by nowhere
dense P -sets is in the well-known Scarboro–Stone problem.
It was shown [8,3] to be independent of the axioms whether or not N∗ can be covered by nowhere dense P -sets. It
has not, however been decided under Martin’s Axiom. It is our view that such a fundamental property merits detailed
investigation in the presence of the most popular of extra axioms. In this paper we show that it is consistent with Martin’s
Axiom that N∗ cannot be covered by nowhere dense P -sets by showing that it is consistent that there is a cozero-accessible
point. A point in a nowhere dense P -set is not cozero-accessible. We say that a point x is cozero-accessible, if for each dense
open set U , there is a cozero-set C contained in U which has x in its closure. It was shown to follow from CH in [4] that
there is even a point for which each dense open set contains a countable discrete set which has the point in the closure.
One of our results will use the cardinal invariant h and the corresponding notion of tree π -base for N∗ . Balcar, Pelant,
and Simon [2] established that the ordered structure (P(N),⊃∗) contains a dense tree. The cardinal h is the minimal height
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invariants of the continuum). We recall more details about this important result below.
In this paper we prove each of the following theorems.
Theorem 1. It is consistent with MA+ ¬CH that there is a cozero-accessible point in N∗ .
Theorem 2. If h < c, then there are no cozero-accessible points in N∗ .
Theorem 3. PFA implies there are no cozero-accessible points in N∗ .
We believe the following two questions are quite interesting.
Question 1. Does PFA imply that N∗ cannot be covered by nowhere dense P -sets?
Question 2. Is it consistent with MA(ω1) that N∗ can be covered by nowhere dense P -sets?
2. Trees and lynxes
For a tree T and t ∈ T , o(t) denotes the ordinal order type of {s ∈ T : s < t} and, for an ordinal α, Tα = {t ∈ T : o(t) = α}.
We also let T<α =⋃β<α Tβ . The height, h(T ), is the minimum α such that Tα is empty. We let Tt denote the subset
{s ∈ T : s  t or t  s} (with no risk of confusion if the elements of the tree are never ordinals). If L, L′ are subsets of
a tree T , we will say that L′ ≺ L if for each t ∈ L, there is a t′ ∈ L′ such that t′  t .
Deﬁnition 4. A tree-lynx on a tree T is a collection L of countable subsets of T satisfying
(1) each maximal antichain of T contains a member of L,
(2) if L′ is a ﬁnite collection from L, there is an L ∈ L such that L′ ≺ L for each L′ ∈ L′ .
It will be useful to introduce the following.
Deﬁnition 5. For a tree T , a collection L of countable subsets of T is coﬁnal in a tree-lynx L′ on T if for each L′ ∈ L′ , there
is an L ∈ L such that L′ ≺ L.
Proposition 6. ([2]) There is a tree T ⊂ <hc which is <t-directed closed and a collection AT = {at : t ∈⋃α<h Tα+1} ⊂ [N]ω such
that
(1) T is c-branching, i.e. for each t ∈ T , {tξ : ξ ∈ c} ⊂ T ,
(2) for each inﬁnite b ⊂N, there is an a ∈ AT such that a ⊂ b,
(3) if s, t ∈⋃α<h Tα+1 with s < t, then as ⊃∗ at ,
(4) if s, t ∈⋃α<h Tα+1 are incomparable, then as ∩ at is ﬁnite.
In other words, the function sending t ∈⋃α<h Tα+1 to at is a tree isomorphism into a dense subset of ([N]ω,⊃∗). Furthermore, it
follows from the minimality of h, that h is a regular cardinal and Tt has height h for each t ∈ T .
We refer to the collection AT of Proposition 6 as a tree π -base for N∗ even though we should more properly be referring
to the collection A∗T = {a∗: a ∈ AT } of clopen subsets of N∗ .
Lemma 7. The following are equivalent
(1) N∗ has a cozero-accessible point,
(2) some tree π -base for N∗ has a tree-lynx,
(3) each tree π -base for N∗ has a tree-lynx.
Proof. (1) implies (3): Let x ∈ N∗ be a cozero-accessible point and let T be a tree (with no maximal nodes) such that
there is a tree embedding AT = {at : t ∈⋃α<ht(T ) Tα+1} as a dense subset of ([N]ω,⊃∗) as in Proposition 6. Deﬁne L ∈ L
for L ∈ [T ]ω if for some countable L′ ⊂⋃α<ht(T ) Tα+1, x is in the closure of
⋃{a∗t : t ∈ L′} and L ≺ L′ . We show that L
is a tree-lynx for T . To see that (1) of Deﬁnition 4 holds, let A ⊂ T be a maximal antichain. Let A′ denote all minimal
members of the set of elements of
⋃
α<ht(T ) Tα+1 which are above some member of A. It is evident that A ≺ A′ and that
A′ is also a maximal antichain of T . Furthermore, since AT is dense in [N]ω , the open set U =⋃t∈A′ a∗t is dense in N∗ . Let
C ⊂ U be a cozero-set which has x in its closure. Since each cozero-set is Lindelöf, there is a countable L′ ⊂ A′ such that
C ⊂⋃{a∗t : t ∈ L′}. Therefore there is an L ⊂ A which is in L.
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For each 1  i  n, let L′i ⊂
⋃
α<ht(T ) Tα+1 be a witness to the deﬁnition of Li ∈ L. For each i, let Ci be the cozero-set⋃{a∗t : t ∈ L′i}. It is a basic property of N∗ (see [12, 1.2.2]), that since x is in the closure of each cozero-set Ci , x is also in
the closure of C =⋂{Ci: 1 i  n}. To see this, assume otherwise and let j  n be minimal such that there is some a ⊂N
which is a member of x satisfying that a∗ ∩⋂1i j Ci is empty. It follows that a∗ ∩ C j and a∗ ∩
⋂
1i< j Ci are disjoint
cozero subsets of N∗ which share x in their closure – a better known contradiction.
Consider any y ∈ C and, for 1  i  n, select ti(y) ∈ L′i such that y ∈ a∗ti(y) . Since T is a tree, the set {ti(y): 1  i  n}
will have a maximum element t(y) and obtains a∗t(y) ⊂ C =
⋂n
i=1 Ci . Therefore, if we now let L be the set of all t in
⋃n
i=1 L′i
which satisfy that a∗t ⊂ C , then C =
⋃{a∗t : t ∈ L}. Since x is in the closure of C , we have that L ∈ L, and now condition (2)
follows from the facts that, for each 1 i  n, Li ≺ L′i and L′i ≺ L. This completes the proof of (1) implies (3).
(3) implies (2) is of course trivial. We ﬁnish by proving that (2) implies (1). Let T be a tree (with no maximal nodes) such
that there is a tree embedding AT = {at : t ∈⋃α<ht(T ) Tα+1} as a dense subset of ([N]ω,⊃∗) as in Proposition 6. Assume
that L is a tree-lynx for T . For each L ∈ L, ﬁx any maximal antichain AL ⊂⋃α<ht(T ) Tα+1 satisfying that each t ∈ AL is
either above some member of L or is incomparable with each member of L. Let L′ be any member of L which is contained
in AL and let L˜ be the maximal subset of L′ satisfying L ≺ L˜; in fact L˜ = L′ ∩⋃s∈L Ts . Set CL =
⋃{a∗t : t ∈ L˜}. It follows
immediately from property (2) of Deﬁnition 4, that the family {CL: L ∈ L} has the ﬁnite intersection property. Let x be any
point of N∗ which is in CL for each L ∈ L. It is fairly immediate that x is a cozero-accessible point of N∗ . 
It is useful to have the following simple result about coﬁnal subfamilies of tree-lynxes.
Proposition 8. Suppose that T is a tree of height κ (with uncountable coﬁnality) and that for each t ∈ T , the height of Tt is also κ .
Then if T has a tree-lynx L of cardinality κ , it has one with a coﬁnal family of the form {Lα: α ∈ κ} where each Lα is a countable
subset of the αth level Tα .
Proof. Let L be a tree-lynx for T . Fix an injection h from [L]<ω into κ so that for each ﬁnite L′ ⊂ L, we have that
L ⊂ T<h(L′) for each L ∈ L′ . In addition, ﬁx, for each γ ∈ κ any L′γ ∈ L such that L′γ ⊂ Tγ . If γ is not in the range of h, then
let Lγ = L′γ . Otherwise, ﬁx L′ so that h(L′) = γ and deﬁne Lγ = {t ∈ L′γ : (∀L ∈ L′) (∃s ∈ L) (s < t)}. It is routine to verify
that the collection {Lγ : γ ∈ κ} is a tree-lynx for T . 
Theorem 9. It is consistent with MA plus not CH that N∗ has a cozero-accessible point and (equivalently) that <cc has a tree-lynx
(and N∗ has no covering by nowhere dense P -sets).
Proof. Let V be a model of MA plus c = ω2 (hence 2<ω2 = ω2). Let T be the tree <ω2ω2 and let AT = {at : t ∈⋃α∈ω2 Tα+1}
be any π -base for N∗ (as in Proposition 6).
We deﬁne a forcing poset P which introduces a coﬁnal subset of a tree-lynx for T . We will prove that P is σ -directed
closed and is ω2-Baire (see [6, p. 240]). These facts imply that forcing with P will add no new inﬁnite subsets of N and
no new ω1-sized subsets of T or ω2. This will ensure that T will remain a tree π -base for N∗ and by Lemma 7 this will
complete the proof that N∗ has a cozero-accessible point. Now we argue that forcing with P will result in a model in which
Martin’s Axiom holds. The fact that P is ω2-Baire also means that P will add no new ccc posets of size ω1 and no new
collections of ω1-many maximal antichains of existing ccc posets of size ω1. All of the above ensures that AT retains the
property of being a π -base for N∗ and that MA(ω1) + c = ω2 holds in the extension.
The purpose of P will be to directly add a tree-lynx for T . This approach is similar to the standard poset for forcing a
-sequence (see [7, p. 255]).
An element p of P has an ordinal λp ∈ ω2 and a sequence 〈Lpα: α  λp〉 such that Lpα = 〈t p(α,n): n ∈ ω〉 is a countable
subset of αω2. To ensure eventual directedness, we demand that for α < λp there is an m such that t p(α,n) < t p(λp,n) for
all n >m. It is then routine to ensure that condition (2) of Deﬁnition 4 holds, by also requiring that, for each limit α and
1 < k ∈ ω such that α + k  λp , {t p(α,n): k  n ∈ ω} ≺ {t p(α + k,n): n ∈ ω}. It is purely for convenience in Claim 1 below
that we make no such demand on k = 1.
The ordering on P is simple usual extension. Deﬁne p <0 q if for all m, tq(λq,m) < t p(λp,m). Notice that each decreasing
<0 chain in P has a lower bound.
P is countably directed closed: Let p0 > p1 > · · · be a descending sequence in P and, for each n, let λn = λpn . Choose
a strictly increasing sequence mn: n ∈ ω so that for each k < n and m >mn , t pk (λk,m) < t pn (λn,m).
Deﬁne a lower bound p by λp = sup{λn: n ∈ ω}, for any n, m and α < λn , t p(α,m) = t pn (α,m), and for m ∈ [mn,mn+1),
let t p(λ,m) ∈ λω2 be any extension of t pn (λn,m). It follows that for m >mn , t pn (λn,m) < t p(λ,m); hence p ∈ P and p < pn .
P is strategically ω1-closed (hence ω2-Baire): Let Aα (α ∈ ω1) be dense open subsets of P . Since P is σ -closed, we may
assume they are descending.
Claim 1. For each q ∈ P and dense open A ⊂ P , there is p ∈ A such that p <0 q.
Proof. First choose any p ∈ A with p < q and so that λp is a limit. Fix m0 so that tq(λq,n) < t p(λp,n) for all n > m0.
For each n > m0, choose any extension, tn , of t p(λp,n) in λp+1ω2. For each n m0, choose any tn ∈ λp+1ω2 which is an
extension of tq(αq,n). It follows that p∗ = p ∪ {tn: n ∈ ω} ∈ P with λp∗ = λp + 1 satisﬁes that p∗ <0 q. 
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Now to see that P is strategically ω1-closed, simply notice that we can use the claims to select a <0 decreasing sequence
{pα: α ∈ ω1} so that pα+1 ∈ Aα for all α. We already mentioned that such a sequence has a lower bound, but we review
this now. Let λ = sup{λα: α ∈ ω1}. It follows that, for each n, t(λ,n) =⋃α∈ω1 t pα (λα,n) is a member of λω2. Also it follows
that p = {t(λ,n): n ∈ ω} ∪⋃α∈ω1 pα is in P .
Claim 3. Let A˙ be a P -name of a maximal antichain of T . Then for each q ∈ P , there is a p < q such that p  A˙ ≺ {t p(λp,n): n ∈ ω}.
Proof. Let q ∈ P be arbitrary. Choose any p1 <0 p0 = q such that there is some s0, comparable with t p0(λp0 ,0), such
that p1  s0 ∈ A˙. Further extend p1 (if necessary) so as to additionally assume that s0 < t p1 (λp1 ,0). Inductively choose
pn <0 pn−1 so that there is some sn−1, comparable with t pn−1(λpn−1 ,n), such that pn  sn−1 ∈ A˙. Again, by possibly further
extending pn , we may assume that sk < t pn (λpn ,k) for k  n. It follows easily that any p which is <0 below the chain{pn: n ∈ ω} as in Claim 2 satisﬁes the requirement. 
It is now completely straightforward to verify that forcing with P will introduce a sequence {{t(α,n): n ∈ ω}: α ∈ ω2}
which is coﬁnal in some tree-lynx for T . 
Theorem 2 is a consequence of Lemma 7 and the following proposition. The result is basically taken from [5, 3.4].
Proposition 10. Let κ < c be cardinal of uncountable coﬁnality. If T ⊂ <κ c is a tree which is c-branching and satisﬁes that Tα is
a maximal antichain for all α < κ , then there is no tree-lynx on T .
Proof. Assume that L is a tree-lynx for T . For each α ∈ κ , let Lα ∈ L with Lα a countable subset of Tα . Fix any ξ ∈ c such
that ξ is not in the range of any t ∈⋃α∈κ Lα . Deﬁne a subset Aξ of T by t ∈ Aξ if there is an α ∈ κ such that t ∈ Tα+1,
t(α) = ξ and t(β) = ξ for all β < α. Since T is c-branching, it follows that Aξ is a maximal antichain of T . Let L ∈ L be
a countable subset of Aξ and choose any γ ∈ κ such that L ⊂ T<γ . It follows easily that condition (2) of Deﬁnition 4 fails
for the pair L, Lγ since L ∪ Lγ is an antichain. To see this, note that if t ∈ L, there is an α < γ such that t(α) = ξ but for
each t′ ∈ Lγ , α ∈ dom(t) and t(α) = ξ . 
Theorem 3 is a consequence of Lemma 7 and the following theorem.
Theorem 11 (PFA). The tree T = <ω2ω2 does not have a tree-lynx.
Proof. Assume otherwise and, by Proposition 8, assume that L = {Lα: α ∈ ω2} is coﬁnal in a tree-lynx where Lα is a count-
able subset of Tα = αω2 for all α ∈ ω2. Let κ denote the cardinal 2ω2 .
Following a standard PFA approach we ﬁrst force with P = Fn(κ,2) ∗ Coll(ω1,ω2), where Fn(κ,2) is the usual poset
for adding Cohen reals, and Coll(ω1,ω2) = <ω1ω2 is a countably closed poset which collapses the cardinality of ω2. We
recall that any ﬁnite iteration of ccc and countably closed posets is proper. In the forcing extension by P , let λ denote the
ordinal which was ω2 in the ground model. Forcing by P introduces many new members to <ω2ω2, so, following standard
conventions, let Tˇ denote this tree from the ground model, i.e. Tˇ = <λλ∩ V . In the forcing extension by P , let {λα: α ∈ ω1}
be any continuous increasing sequence coﬁnal in λ.
Now we focus on the following tree:
T˜ =
⋃
α∈ω1
{t  λβ : β  α, t ∈ Lλα }.
It is clear that any ω1-branch of T˜ gives rise to a single λ-branch of Tˇ ; and that this is true in any further forcing
extension. The proof depends on controlling the set of such coﬁnal branches.
It is well known that forcing with Fn(κ,2) will not introduce any new ω2-branches in Tˇ (it follows from the fact that
any ω2-sized subset of Fn(κ,2) has a directed ω2-sized subfamily).
Now in the extension by Fn(κ,2), our tree Tˇ has levels of cardinality less than the continuum which is now κ . Silver
(see [6, Ch. VIII.3]) has shown that in such a situation, a countably closed poset will not add a coﬁnal branch to Tˇ .
Therefore it follows that, in the extension by P , the set of branches of Tˇ can be put in one-to-one correspondence
with κ . On the other hand, the poset P = Fn(κ,2) ∗ Coll(ω1,ω2) will also collapse the cardinality of κ to ω1 since in the
extension by Fn(κ,2), the tree <ω1ω2 is forcing isomorphic to the tree <ω1κ .
Thus, we may ﬁx a function e from ω1 onto B(T˜ ) (where B(T˜ ) is the set of uncountable branches of T˜ ). Given such
a tree, it is known that there is a ccc poset Q which introduces a weak specializing function f : T˜ → ω. That is, for each
integer n, f −1(n) can be written as
⋃
a∈An Ca where An is an antichain and, for a ∈ An , either Ca = {a} or there is a
ξ(a,n) ∈ ω1 such that Ca ⊂ e(ξ(a,n)) is a chain with minimum element a (see [9,10] and [1, §7]).
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any of the above mentioned properties). Speciﬁcally, we have P -names {λ˙α: α ∈ ω1}, e˙, and a P ∗ Q -name f˙ for each of
{λα: α ∈ ω1}, e, and f .
Once we have ﬁxed names we can prove an additional property that we will need.
Claim 4. For each α ∈ ω1 , there are P -names β˙α and γ˙α such that
1P β˙α ∈ ω1, γ˙α  λ˙β˙α , and Lγ˙α ∩
{
e˙(ξ)  γ˙α: ξ < α
}= ∅.
Proof. Fix any p ∈ P . Since P is proper and e˙ is a P -name, there is a p′ < p and a countable set B ⊂ B(T˜ ) such that
p′  {e˙(ξ): ξ < α} ⊂ Bˇ . Let B+ denote the countable set of branches of Tˇ corresponding to those in B . Since we are arguing
in V , Tˇ is countably closed so it is easy to see that there is a maximal antichain A of Tˇ each member of which is not on
any of the branches in B+ . Therefore there is a lynx element Lγ ∈ L satisfying that A ≺ Lγ . Obviously no element of Lγ is
on any of the branches in B+ either. Choose any r < p′ in P and a β < ω1 such that r  γ < λ˙β .
Since p was arbitrary, and we showed that 1 forces that such a pair γ ,β exists, hence there are P -names for them. 
Now we ﬁnish the proof of the theorem. By PFA, there is a ﬁlter G ⊂ P ∗ Q so that for all α ∈ ω1, there is a p ∈ G such
that p forces a value on each of λ˙α , β˙α , γ˙α , and e˙(α). Additionally, if there is p ∈ G and α ∈ ω1 such that p forces γ˙α to
have value γ , then, for each t ∈ Lγ , there is a q ∈ G which forces a value on f˙ (t). Finally, we also ensure that if q ∈ G forces
a value n on f˙ (t), there is a q′ ∈ G and a pair a ∈ An and ξ ∈ ω1 such that t ∈ Cna and q′ forces that either Cna ⊂ e˙(ξ) or that
t ∈ An .
Now we can evaluate each name by the ﬁlter G and we have functions e and f and sequences {λα,γα,βα: α ∈ ω1} as
decided by G . For each integer n, let An be the set of minimal members of dom( f ) which have value n. Set λ = supα∈ω1 λα .
This λ will not be ω2 since this ﬁlter G exists in V . Observe that dom( f ) ⊂⋃ξ<λ Tξ . Now consider the countable set
Lλ ⊂ Tλ . Let Aω = {t ∈⋃n An: (∃s ∈ Lλ) t < s}. Since each An is an antichain, Aω is countable. There is an α0 < ω1 such
that Aω ⊂ T<λα0 . For each n ∈ ω and a ∈ Aω ∩ An , Cna = {t ∈ f −1(n): a  t} is a chain. Choose α ∈ ω1 large enough so that
for each such n and a ∈ Aω ∩ An , if there is any ξ ∈ ω1 such that Cna ⊂ e(ξ), then there is such a ξ < α. Recall that if there
is no such ξ , we have that Cna = {a}.
Now we consider the pair γα,βα . Since γα < λβα , we have that γα < λ. By the deﬁnition of γα , we have that Lγα is
disjoint from {e(ξ)  γα: ξ < α}. Fix any s ∈ Lλ and assume there are t1 ∈ Lγα and t2 ∈ Lλβα such that t1 < t2 < s. Let n be
the value of f (t2) and choose a ∈ An such that a  t2. It follows that a ∈ Aω ∩ An and t2 ∈ Cna . However, since λβα > λα , it
follows that Cna is coﬁnal in Tλ and so there is some ξ < α such that C
n
a ⊂ e(ξ). However, this clearly contradicts the choice
of t1 ∈ Lγα since e(ξ)  γα is equal to t1.
The proof ends by noting that condition (2) of tree-lynx is violated by taking L′ = {Lγα , Lλβα , Lλ}. 
We end with some additional questions.
Question 3. Is it consistent with ¬CH to have an ω-accessible point?
Question 4. Is it consistent with ¬CH to be covered by nowhere dense weak P -sets?
Question 5. Can <ω3ω3 have a tree-lynx? (The ﬁrst failure we know is with a weakly compact.)
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